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============

Quantum annealing is an interesting approach for finding the optimal solution of combinatorial optimization problems by using the quantum effect^[@CR1]--[@CR4]^. The combinatorial optimization problems are ubiquitous in the real social world, therefore the spread of quantum annealing machine with high efficiency and high scalability will give impacts and benefits on many fields, such as an industry including drug design^[@CR5]^, financial portfolio problem^[@CR6]^, and traffic flow optimization^[@CR7]^. After the commercialization of superconducting quantum annealing machine by D-Wave Systems inc.^[@CR8]^, several hardwares have been investigated and developed^[@CR9]--[@CR13]^.

However, there are bottlenecks for implementing scalable quantum annealing machine; for the conventional and scalable quantum annealing machine may not have a high success probability for finding the solution of a combinatorial optimization problem because of the emergence of the first order phase transition, where the energy gap between ground state and the first exited state closes exponentially as a function of the system size^[@CR2]^. In this case, it necessitates an exponentially long annealing time for finding the solution of the problem^[@CR14]--[@CR16]^. In the case of the second oder phase transition, on the other hand, an annealing time for finding the solution may scales polynomially as a function of the system size^[@CR17]^.

To propose an idea for finding high success probability is one of the most important and challenging issue in the field of quantum annealing. One of the approaches for obtaining the high success probability is to engineer the scheduling function for the driving Hamiltonian and the problem Hamiltonian, such as a monotonically increasing scheduling function satisfying the local adiabatic condition^[@CR18]^, the reverse quantum annealing^[@CR19]^ implemented in D-wave 2000Q^[@CR20]^, inhomogeneous sweeping out of local transverse magnetic fields^[@CR21],[@CR22]^, and a diabatic pulse application^[@CR23]^. Another is to add an artificial additional Hamiltonian for suppressing the emergence of the excitations with avoiding the slowing down of annealing time, which is called shortcuts to adiabaticity by the counterdiabatic driving^[@CR24]--[@CR27]^, and to add an additional Hamiltonian for avoiding the first order phase transition^[@CR17],[@CR28],[@CR29]^. In this paper, we study the possibility of other approach: to employ a variant spin, such as a qudit, in the quantum annealing architecture.

Recently, two of the authors have studied the quantum phase transition in a degenerate two-level spin system, called the quantum Wajnflasz--Pick model, where an internal spin state is coupled to all the same energy internal states with a single coupling strength, and to all the different energy internal states with the other single coupling strength^[@CR30]^. In the earlier study, this model is found to show a several kinds of phase transition while annealing; single or double first-order phase transitions as well as a single second-order phase transition, depending on an internal state coupling parameter^[@CR30]^, which suggests that the quantum annealing of this model may be controlled by an internal state tuning parameter. However, the study is based on the static statistical approach using the mean-field theory, because only the order of the phase transition has been interested in. Therefore, the enhancement of the success probability for quantum annealing based on degenerate two-level systems is not clear yet. Furthermore, they employed a fully-connected uniform interacting system, and it is unclear whether their idea works that a double (or even-number of) first-order phase transition while annealing would bring the system back into the ground state at the end of the annealing, where the even number of the Landau--Zener tunneling may happen with respect to the ground state.

In the present paper, we clarify the success probability of the quantum annealing in the quantum Wajnflasz--Pick model, focusing on (i) the Schrödinger dynamics, (ii) eigenenergies, and (iii) *non-uniform* effects of the spin-interaction as well as the longitudinal magnetic field. We find that the quantum Wajnflasz--Pick model is more efficient than the conventional spin-1/2 model in the weak longitudinal magnetic field region as well as in the strong coupling region between degenerate states. We also find that the quantum Wajnflasz--Pick model is reducible into a spin-1/2 model, where effect of the transverse magnetic field in the original Hamiltonian emerges in the reduced Hamiltonian not only as the effective transverse magnetic field but also as the effective longitudinal magnetic field. As a result, this model may provide the higher success probability in the case where the effective longitudinal magnetic field opens the energy gap between the ground state and the first excited state. We also evaluate the success probability in another variant spin, a Λ-type system^[@CR31]--[@CR40]^, which has three internal levels. This model also shows the higher success probability than the conventional spin-1/2 model in the weak magnetic field region.

A multilevel system is ubiquitous, which can be seen, for example, in degenerate two-level systems in atoms^[@CR41],[@CR42]^, Λ-type atoms^[@CR31],[@CR32],[@CR34]^, Λ-, *V*-, Θ- and Δ-type systems in the superconducting circuits^[@CR33],[@CR35]--[@CR40],[@CR43]^ as well as Λ-type systems in the nitrogen-vacancy centre in diamond^[@CR44]^. We hope that insights of our results in the degenerate two-level system and knowledge of their reduced Hamiltonian inspire and promote further study as well as future engineering of quantum annealing.

Quantum Wajnflasz--Pick Model {#Sec2}
=============================

A conventional quantum annealing consists of the spin-1/2 model, where the time dependent Hamiltonian is given by^[@CR1]^$$\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{H}}_{z}$$\end{document}$. If the Hamiltonian changes sufficiently slowly, the quantum adiabatic theorem guarantees that the initial quantum ground state follows the instantaneous ground state of the total Hamiltonian^[@CR45]^. We can thus finally obtain a non-trivial ground state of the problem Hamiltonian starting from the trivial ground state of the deriver Hamiltonian making use of the Schrödinger dynamics.

The quantum Wajnflasz--Pick model is a quantum version of the Wajnflasz--Pick model^[@CR46]^, which can describe one of the interacting degenerate two-level systems. In the language of the quantum annealing, the problem Hamiltonian and the driver Hamiltonian are respectively given by^[@CR30]^$$\documentclass[12pt]{minimal}
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(Schematic picture of this model is shown in Fig. [1](#Fig1){ref-type="fig"}). The Hamiltonian of this model can be simply obtained by replacing the Pauli matrices $\documentclass[12pt]{minimal}
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In the following, for the consistency to the earlier work^[@CR30]^, we consider a uniform transverse field $\documentclass[12pt]{minimal}
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In this paper, we employ the common sets of parameters in both quantum Wajnflasz--Pick model and the conventional spin-1/2 model, including the coupling strength $\documentclass[12pt]{minimal}
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Schrödinger Dynamics {#Sec3}
====================

In order to numerically calculate the success probability of the quantum annealing, we employ the Crank--Nicholson method^[@CR47]^ for solving the Schrödinger equation$$\documentclass[12pt]{minimal}
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Although the inverse matrix is needed, this method conserves the norm of the wave function and is second-order accurate in time^[@CR47]^.

We first consider the fully connected model, where the spin-spin coupling is ferromagnetic and the longitudinal magnetic field is uniform $\documentclass[12pt]{minimal}
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Eigenvalues {#Sec4}
===========

Eigenvalue spectrum of the instantaneous Hamiltonian may help to understand these higher or lower success probabilities of the quantum Wajnflasz--Pick model than that of spin-1/2 model, although eigenvalues of the instantaneous Hamiltonian shows tangled spaghetti structures (Fig. [5](#Fig5){ref-type="fig"}). For example, in the case where $\documentclass[12pt]{minimal}
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Since the initial ground state of the single-spin Hamiltonian is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\Psi (s=0)\rangle \propto {(c/2,c/2,1)}^{{\rm{T}}}$$\end{document}$ in the original quantum Wajnflasz--Pick model, this state can be mapped to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{U}|\Psi (s=0)\rangle \propto {(c/\sqrt{2},0,1)}^{{\rm{T}}}$$\end{document}$. It indicates that the initial ground state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{U}|\Psi (s=0)\rangle $$\end{document}$ can be also projected to the Hilbert space of the reduced Hamiltonian $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\mathscr H}(s)$$\end{document}$.

This reduction of the single-spin problem in the case where $\documentclass[12pt]{minimal}
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                \begin{document}$${h^{\prime} }_{i}(s)\equiv \frac{(1-s){h}_{i}^{x}}{2c}.$$\end{document}$$Figure 6Schematics of an original quantum Wajnflasz--Pick model (**a**) and its reduced model (**b**).

As in the single-spin case, the initial ground state of the original *N*-spin quantum Wajnflasz--Pick model can be also projected to the Hilbert space of the reduced Hamiltonian ([15](#Equ15){ref-type=""}). The coupling $\documentclass[12pt]{minimal}
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                \begin{document}$${h}_{{\rm{eff}},i}^{z}(s=1)={h}_{i}^{z}$$\end{document}$. Eigenvalues of the reduced spin-1/2 model exactly trace eigenvalues in the original Wajnflasz--Pick model (Fig. [5](#Fig5){ref-type="fig"}). The time-dependence of the ground state population of the problem Hamiltonian is confirmed to show the completely same behavior between the reduced model and the original model.

This effective model clearly explains behavior of success probability of the quantum Wajnflasz--Pick model shown in Fig. [3](#Fig3){ref-type="fig"}. Note that the coefficient $\documentclass[12pt]{minimal}
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In the case where the original longitudinal magnetic field $\documentclass[12pt]{minimal}
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Random Coupling {#Sec5}
===============

In the random spin-spin coupling case, where $\documentclass[12pt]{minimal}
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The discussion above is in the case for a uniform longitudinal magnetic field. In the following, we discuss the case of random longitudinal magnetic fields $\documentclass[12pt]{minimal}
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In these random coupling cases, it may not be definitely concluded that the quantum Wajnflasz--Pick model is always more efficient than the conventional spin-1/2 model. The variance is relatively large, and there are cases where the quantum Wajnflasz--Pick model is inferior to the conventional spin-1/2 model (Fig. [11](#Fig11){ref-type="fig"}). However, we can find many cases where the quantum Wajnflasz--Pick model is possibly more efficient than the conventional spin-1/2 model. In the quantum Wajnflasz--Pick model and its reduced model, we have chances to find a better solution of the combinatorial optimization problem. In real annealing machines, we can extract a better solution after performing many sampling experiments by tuning $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$.

Discussion {#Sec6}
==========

In the case where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({g}_{{\rm{u}}},{g}_{{\rm{l}}})=(2,1)$$\end{document}$, the spin matrix in the quantum Wajnflasz--Pick model is represented by a (3 × 3)-matrix, which suggests that the quantum Wajnflasz--Pick model in this case may be mapped into the model represented by the spin-1 matrices given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{S}}^{x}=\frac{1}{\sqrt{2}}(\begin{array}{ccc}0 & 1 & 0\\ 1 & 0 & 1\\ 0 & 1 & 0\end{array}),\,{\hat{S}}^{y}=\frac{i}{\sqrt{2}}(\begin{array}{ccc}0 & -\,1 & 0\\ 1 & 0 & -\,1\\ 0 & 1 & 0\end{array}),\,{\hat{S}}^{z}=(\begin{array}{ccc}1 & 0 & 0\\ 0 & 0 & 0\\ 0 & 0 & -\,1\end{array}).$$\end{document}$$

Indeed, after we interchange elements of second and third rows in the spin matrices defined in Eq. ([9](#Equ9){ref-type=""}) in the case where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({g}_{{\rm{u}}},{g}_{{\rm{l}}})=(2,1)$$\end{document}$, as well as we interchange elements of second and third columns, simultaneously, we find the following maps$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{\tau }}^{z}\mapsto {\hat{q}}^{z}\equiv \frac{2}{\sqrt{3}}{\hat{Q}}^{3{z}^{2}-{r}^{2}}+\frac{1}{3},$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{\tau }}^{x}\mapsto {\hat{q}}^{x}\equiv \frac{1}{c}[\sqrt{2}{\hat{S}}^{x}+\Re \omega {\hat{Q}}^{{x}^{2}-{y}^{2}}-\Im \omega {\hat{Q}}^{xy}],$$\end{document}$$where we have introduced quadrupolar operators^[@CR51],[@CR52]^$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{Q}}^{3{z}^{2}-{r}^{2}}\equiv \frac{1}{\sqrt{3}}[2{({\hat{S}}^{z})}^{2}-{({\hat{S}}^{x})}^{2}-{({\hat{S}}^{y})}^{2}],$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{Q}}^{{x}^{2}-{y}^{2}}\equiv {({\hat{S}}^{x})}^{2}-{({\hat{S}}^{y})}^{2},$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{Q}}^{xy}\equiv {\hat{S}}^{x}{\hat{S}}^{y}+{\hat{S}}^{y}{\hat{S}}^{x},$$\end{document}$$and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Re \omega $$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Im \omega $$\end{document}$) is the real (imaginary) part of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[{\hat{q}}^{z},{({\hat{S}}^{x})}^{2}]=0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[{\hat{q}}^{x},{({\hat{S}}^{x})}^{2}]=i(\Im \omega /c){\hat{S}}^{x}$$\end{document}$ hold, we find that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${({\hat{S}}^{x})}^{2}$$\end{document}$ is the operator of the conserved quantity in the case where the parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ is a real number. The coupling of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{\tau }}_{i}^{z}{\hat{\tau }}_{j(\ne i)}^{z}$$\end{document}$ is mapped into the interaction $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{q}}_{i}^{z}{\hat{q}}_{j(\ne i)}^{z}$$\end{document}$, which is a kind of the biquadratic interaction with respect to the spin. In short, the interacting quantum Wajnflasz--Pick model with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({g}_{{\rm{u}}},{g}_{{\rm{l}}})=(2,1)$$\end{document}$ can be mapped into the spin-1 model with an artificial biquadratic interaction. In particular, in the case where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega \in {\mathbb{R}}$$\end{document}$, there is the hidden symmetry related to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${({\hat{S}}^{x})}^{2}$$\end{document}$, which indicates that the quantum Wajnflasz--Pick model is reducible in this case.

It is general that an interacting quantum Wajnflasz--Pick model is reducible to the conventional spin-1/2 model. It holds for an arbitrary number of the degeneracy $\documentclass[12pt]{minimal}
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                \begin{document}$$({g}_{{\rm{u}}},{g}_{{\rm{l}}})$$\end{document}$ can be projected to the spin-1/2 model, and the initial ground state in the original quantum Wajnflasz--Pick Hamiltonian is also projected to the reduced Hilbert space. It indicates that the quantum annealing in the quantum Wajnflasz--Pick model can be always described by the reduced Hamiltonian.

As shown in Supplementary [Information](#MOESM1){ref-type="media"}, this projection holds not only in the 2-body interacting quantum Wajnflasz--Pick model, but also in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N$$\end{document}$-body interacting model. It indicates that if the quantum Wajnflasz--Pick model is embedded into the Lechner--Hauke--Zoller (LHZ) architecture^[@CR53],[@CR54]^, it can be also projected into the LHZ architecture composed of the spin-1/2 model, where the effective additional magnetic fields may emerge. The present quantum Wajnflasz--Pick model is a degenerate two-level system in the presence of the transverse magnetic field. The possibility of the implementation of the degenerate two-level system has been discussed for the $\documentclass[12pt]{minimal}
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                \begin{document}$${D}_{2}$$\end{document}$ line of ^87^Rb^[@CR41],[@CR42]^. The quantum Wajnflasz--Pick model is also similar to the Δ-type cyclic artificial atom in the superconducting circuit^[@CR38],[@CR43]^. In the Δ-type artificial atom, the population is controllable by making use of the amplitudes and/or phases of microwave pulses, where the amplitudes alone controls the population in the conventional three-level system (Λ-type system)^[@CR43]^. However, the Δ-type system in the superconducting circuit is not an exactly degenerate two-level system. With this regard, it may be difficult to directly implement our model in the Δ-type cyclic artificial atom in the superconducting circuit. Actually, it may be feasible to employ the spin-1/2 model with the scheduling function inspired by the quantum Wajnflasz--Pick model, in the case where the Schrödinger dynamics without the dissipation holds.

The quantum Wajnflasz--Pick model is one of the qudit models, which is a kind of the artificial Δ-type system^[@CR38],[@CR43]^ in the case where $\documentclass[12pt]{minimal}
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As a result, after exchanging the first and second columns and also the first and second rows, we may reduce a quantum annealing problem in this Λ-spin model into that of the spin-1/2 model, the Hamiltonian of which is given by $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{\mathscr H}(s)=-\,s{h}^{z}{\sigma }^{z}/2-(1-s){h}^{x}{\sigma }^{x}-s{h}^{z}/2$$\end{document}$. Although the Λ-type system may provide the higher success probability than the conventional spin-1/2 model, the effect of dark states (never employed states) on the quantum annealing in the general Λ-spin case and its reduction to the spin-1/2 model in the many-spin system would be important issues for future study.

To summarize, we have demonstrated that qudit models, such as the quantum Wajnflasz--Pick model as well as the Λ-type system, may provide the higher success probability than the conventional spin-1/2 model in the weak magnetic field region. We have analytically shown that the quantum Wajnflasz--Pick model can be reduced into the spin-1/2 model, where effect of the transverse magnetic field in the original Hamiltonian emerges as the effective additional longitudinal magnetic field in the reduced Hamiltonian, which possibly opens the energy gap between the ground state and the first excited state in the reduced Hamiltonian. Since qubits have experimental advantages for the manipulation, the direct implementation of the reduced spin-1/2 model may be convenient for the quantum annealing. On the other hand, the reduction to the subspace in terms of the spin-1/2 model is useful only in the case where we focus on the Schrödinger dynamics. If we consider the dissipation as a realistic system, the transition between the subspaces emerges. The efficiency of the quantum annealing in this system is open for further study.

Conclusions {#Sec7}
===========

We studied the performance of the quantum annealing constructed by one of the degenerate two-level systems, called the quantum Wajnflasz--Pick model. This model shows the higher success probability than the conventional spin-1/2 model in the region where the longitudinal magnetic field is weak. The physics behind this is that the quantum annealing of this model can be reduced into that of the spin-1/2 model, where the effective longitudinal magnetic field in the reduced Hamiltonian may open the energy gap between the ground state and the first excited state, which gives rise to the suppression of the Landau--Zener transition. The reduction of the quantum Wajnflasz--Pick model to the spin-1/2 model is general at an arbitrary time as well as in an arbitrary number of degeneracies. We also demonstrated that the Λ-type system also shows the higher success probability than the conventional spin-1/2 model in the weak magnetic field regions. We hope that studying quantum annealing with variant spins, and utilizing the insight of their reduced model will promote further development of high performance quantum annealer.
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